Our treatment of Lie groups will be concentrate mainly on Matrix Lie groups
which will be defined later. But for now we simply give a taste of the general
approach to Lie groups which views them as manifolds.

1 A brief Introduction to the general theory of
Lie groups

Definition A Lie group is a differentiable manifold G which is also a group
such that the group product
GxG—G

1

and the inverse map g — g~ are differentiable.

This means that in order to understand the lie groups we will need to study
manifolds.

Definition A manifold, M is a topological space such that for every point m
in M there is a neighborhood U of m and a one to one continuous map ¢ to R™
i.e onto some open set ¢(U) of R™ such that the inverse map ¢! : ¢(U) — U
is also continuous. If the point m lies in intersection of two subsets of M |
U; and Uj, with their respective maps ¢; and ¢; we demand that ¢; o (;Sj_l is
continuous and differentiable

The tangent space at m to M, denoted as T,, (M) is the set of all linear
maps X from C°°(M) into R satisfying:

1. “product rule”: X(fg) = X(f)g(m)+ f(m)X(g) V[ and ge (C®(M)
2. “localization”: If f is equal to g in a neighborhood of m, then X (f) = X(g)

An element of the tangent space is called the tangent vector. One can
prove that if z1, ...z, is a local coordinate system, then each tangent vector X
at m can be expressed uniquely as

Thus is the manifold is n dimensional the tangent space is also n dimensional.

What we done is defined the notion of a tangent space without relying on the
manifold being embedded in some larger euclidean space. The definition given
above of the tangent vector is the generalization of the directional derivative.
The reason we chose the directional derivative is that it does not depend on a
curve moving through the specific point where it is defined.



1.1 Differentials of smooth mappings

A map ® from a manifold M of dimension n to an manifold N of dimension
m is called smooth if it is smooth for every local coordinates system ¢, on M
and ¢g on N and the map ¢go ® o #51 is a smooth map from an open subset
of R™ to R™. Given a smooth map one can define a differential at every point
m in M, denoted by ®, ,,. This is the linear map of T},,(M) into T () (M)
given by

P (X)(f) = X(fo®)

where f is a smooth real valued function of A/, X is a tangent vector at m
to M. The map ®. ,, will be a matrix of partial derivatives. An easy way to
see this is that there are locally coordinates systems on M and N, the map
goes from M to N but X is defined with coordinates from M, so we need the
jacobian.

Suppose that v : (a,b) = M is a smooth curve. Then for each ¢ € (a,b) we
will let ‘;—Z denote the element of T’ )(M) with the property that:

dvy df (v(1))
ANASYY) 1
dt (£) dt (1)
for all smooth functions of M. In a smooth local coordinate system (z1, ..., Z,),

we can find smooth functions z1(t),...,x,(¢t) with xx(t) being zx(y(t)). The
chain rule then says that w => ;—fdditk.
Tk

tion above we have that

Combining this with the equa-

dy _ N~ Of du
E _Zaxk dt (2)

1.2 Vector fields

A vector field is a map X that associates to each point m in M a tangent
vector X, € T,,(M). In a local coordinate system we have:

o 2

Xou(f) = 3 a(m) (3)
k=1

63%
where the aj are real valued functions. We can apply a vector field X to a
function f by applying X,, to f. The result is another function. So smooth
vector field is a map from C*° (M) — C°°(M) that satisfies the product rule in
the form

X(fg) = fX(g9)+X(f)g

in the above definition we are not evaluating f or g at any point. The equation
can be summarized or restated as saying that a vector field is a derivation of
the algebra of smooth functions.

We can view vector fields are first order differential operators, if we consider
the product of two vector fields YX, this will be a second order differential



operator but will not be a vector field but if we consider the commutator of
the vector fields then the second order terms cancel out and we arrive again at
a first order differential operator. So in other words the commutator produces
another vector field. This is important fact when we arrive at describing the lie
algebra of a lie group.

1.3 Flow Along a vector field

If X is a vector field and 7 : (a,b) — M is a smooth curve in M, then 7 is
called an integral curve for X if for each t € (a,b) , we have ?TZ =Xy Ina
smooth local coordinate system 1, s, ...x,, Y(t) is represented by the family
o}i;functions x1(t), z2(t), ...z, (t). Inlight of (4.2) and (4.3) , ‘fi—j = X, (4) implies
that

dxc];t(t) = ag(w1(t), ..., zn(t)) @

This is a system of ordinary differential equations(not necessarily linear) and
applying results from differential equations we get existence and uniqueness.

A vector field X is called complete if v(t) can be defined for all t for initial
points m. Any vector field on a compact manifold is always complete. If X is a
complete vector fieldm then one can define the associated flow on M. This sis
a family of maps ¢, : M — M defined so that if v is an integral curve for X with
~7(0) = m, then ®),(m) = v(¢t). This means that ®);(m) is defined starting at
ma and “flowing” along the vector field X for time t. If X is a smooth complete
vector field, then each ®; is a smooth map of M to itself, and he maps satisfy
(I)t o (I)s = q)t+s

We have already given the definition of a lie group and talked about lie
algebras in some detail.

1.4 The Lie Algebra

If G is a Lie group and g an element of G, we define a map L, : G — G by
Ly(h) = gh, this is the “left multiplication by g” map. which is smooth since
the product map G — G is assumed itself to be smooth. The differential of L,
denoted as (L), will be a linear map of L, at point h from T} (G) to Tyx(G).
A vector field is called left invariant if X satisfies:

(Lg)«(Xn) = Xgn (5)

Let T.(G) denote the tangent space at the identity then given any vector
v € T.(Q) there is a unique left invariant vector field XV with X? = v which
can be constructed by defining

Xg = (Lg)«(v) = (Lg)(X() (6)



We can show that this vector field is left invariant thusly:

(Ln)«(Xg) =(Ln)+(Lg)«(v)
:(Lgh)*(v)
)

Definition The Lie algebra g of a Lie group G is the tangent space at the
identity with the bracket operation defined by

[v,w] = [X?, X "]

If we identitfy the space of left invariant vector fields with 7, (G) by means
of the map v «— XV, then g is just the space of left invariant vector fields
which forms a lie algebra under the commutator of vector fields.

1.5 Exponential Mapping

The exponential mapping for a general Lie group is defined in terms of the
flow along left-invariant vector fields, this is justified because every left invariant
vector field on G is complete.

Definition Let G be a lie group and let g = T.(G) be its lie algebra. For each
v € g, let XV be the associated left-invariant vector field and let ®} be the
associated flow. Then the exponential mapping is the map exp: g — G defined
by

exp(v) = ®7(e)

This means if we want to calculate exp(v) we construct the left invariant
field X¥ and we then calculate its integral curve vV that starts at the identity.
Then exp(v) = v(1)

1.5.1 Matrix Lie Groups as Lie Groups

To make the connection between Matrix Lie Groups and general lie groups,
the integral curve we choose is (t) = e'* where X is an element in the lie
algebra. This chosen so that it’s value at the identity is X. To show that e*X is
an integral curve we need to show that

dr(t)

= (L) (X) 7

Note: Remember for an integral cure v(t) we have that dzgt) = Xy



We proceed in the following manner:

d yx _d rax
at’ " daf la=o0
d
— XX |
d a
:%Letxe X|a:o

d
:(LetX )* %eax ‘azo
=(Leox )«(X)

So every matrix Lie group is a Lie group.

2 Bridge between Lie Groups and Matrix Lie
Groups

It is helpful to make a more concrete connection between looking at lie groups
as manifolds and forgetting about their manifold structure.
We proceed by analyzing the affine group of the line A(1) with matrix rep-

resentation
Ty
0 1

with > o or the right half of the plane.

Let ¢ — h(t) be a curve of matrices in the group G with h(0) = h and
h'(0) = Xj. Since G C GL(n) , this curve is simply a matrix h whose entries
hix(t) are smooth functions of the parameter t. h(t) describes a curve in an n?
dimensional euclidean space.

X}, the tangent to this curve is simply the matrix whose entries are the deriva-
tives at t = 0, h;k(O). h' does not need to in the group. For the constant matrix
g, the curve t — gh(t) will have for tangent vector at ¢ = 0 to the matrix.

Ly Xy = gh'(0) = g X3, (8)

For every (¢ 4) € A(1) we identify with (z,y) € R? and tangent vectors

( % % ) we identify with (‘fl—f, %)T

which is the tangent vector (

dt 0z dt

We us left translate the vectors % and 8% at the identity e to the point to
(z,9)

Consider the curve (lgt 0) for a% whose tangent at w is a%' Let g be the
matrix (%) € A(1) then we have

dx O dyg)
oy’

0 x
Ly = om0y = (5 ) )



The left translate of % to (z,y) is X7 = m%

Constructing the left translate of a% at (1,0) to the point (z,y)

Lo = a0 = (o 3) (10

where now h(t) = (J 1)

We can consider the dual basis for the left invariant vector fields ¢! and 2.
The dual basis to 338% and sr:ag is ol = d;“ and 02 = %. Thus for A(1) the left
invariant area form or the left haar measure is

dr N d
01/\02: 5 y

11
. (1)
for any compact region U in A(1).

We also calculate the right translates in order to find the right invariant haar
measure

0] d x
Ry = 5 0= (5 4) (12)

where is h(t) = ('{*9) So the right translate is X, = :ca% + ya%. The same

calculation with h(t) = () '1") gives 8%. This gives the dual bases to be ! =

% (%dx + %dy) and 02 = dy and therefore the right invariant haar measure
1/1
1, 2
No“=—=|—=dzANd 13
o not= 1 ( . y) (13)

2.1 One Parameter Subgroups

A one parameter subgroup of G is by definition a differential homomorphism
(in particular, a path)

g:R—>G

such that
t—g(t) €G

Or the additive group of the reals in to the group G. Thus g(s+t) = g(s)g(t).
So gij(t +5) = >k gir(t)gk;(s). Differentiating both sides with respect to s
and putting s=0 gives ¢'(t) = g(¢)¢’(0) where ¢’'(0) is a constant matrix. The
solution to this is g(¢t) = ¢(0)exp{tg’(0)}. If G is not a matrix group this is
okay because the differential equation is really saying ¢'(t) = Lg:).g'(0) i.e the
tangent vector X to the 1-parameter subgroup is the left translated along the
group. So given a tangent vector X, at e in G, the I-parameter subgroup of G
whose tangent at e is X, is the integral curve through e of the vector field X on
G resulting from left translation of X, over all of G.

For A(1) to find the l-parameter subgroup having tangent vector (a,b)”
at the identity, we left translate this vector over A(1). The left translate of
(aa% + ba%)' So we solve



dx

E =ax
d
d—ZZ =bz  x(0)=1, y(0)=1
The solutions are z(t) = e, y(t) = %Lb so that we have

eat be® —b
( 0 @ (14)

3 Matrix Lie Groups

Definition Matrix Lie group is any subgroup G of GL(n : C) with the
following property: If A,, is any sequence of matrices in G, and A,, converges
to some matrix A then either A € GG, or A is not invertible.

3.1 Matrix Exponential

We state without proof the following results

Theorem 3.1 Let X be an n x n real or complexr matriz X, the series eX =

Yoo St
m=0 ST converges.

Proposition 3.2 Let X and Y be n by n matrices, then the following are true:
1.0 =T

2.(eX) =X’

3.eX is invertible and (e
4.e0tP)X = eaXeBX for oll o and B

5. If XY =YX then eXtY = eXe¥

6.If Cis invertile then eCXC™" = CeXC1

X)=1 = =X,

Proof Using theorem 4.3.1, 1 and 2 should be obvious. Point 3 and point 4
follow from point 5. So we proceed to prove it.

e

Xy X+y)"

n!
n=0

Zi = (7 ymy(nem)
n m

n=0 m=0
1 m=n '
— nl “= ml (n —m)!
=00 1 m=n
m (nfm)
SR S
:€X€Y



Note the second step follows only because X and Y commute.
For point 6 we use theorem 4.3.1 on the left side.

—1 ].
CXCT =T+ X0 + 2 (CXC 12 4 f(cxcfl)?’...

=CC'+0XC™ + = (CXC )+ (OXC DA
:C<I+X+;(X)2 )

=Ce*C'0
For completeness sake we mention also that %etx = XetX.

3.1.1 Computing Matrix Exponential

It turns out there are three cases we need to consider when trying to com-
pute the matrix exponential, these are if the matrix is diagonalizable, if it is
nilpotent and lastly if it is arbitrary.

Case 1: Matrix is diagonalizable

Point 6 in the previous proposition offers a way of doing the calculation. We
first diagonalize the matrix, then apply the result of point 6. The reason this
helps is because computing the exponential of a diagonal matrix is highly trivial.
First note that a square diagonal matrix multiplied by itself n times is equal to
the diagonal entries raised to the n. Then applying the expansion of the series
to the diagonal matrix means we just get in the matrix the exponential of the
diagonal entries.

Case 2: Matrix is nilpotent A matrix M being nilpotent means that for
some n > 1, M™ = 0. This means that the series expansion is not infinite and
does in fact terminate.

Case 3: Matrix is arbtrary One use the SN decomposition first. It turns
out that any matrix can be written as a sum of a diagonalizable matrix S and
a nilpotent matrix N. Further more S and N commute. One can then use point
4 of the proposition to calculate the result.

A special case Sometimes it turns out that for some n > 1, M™ = M. In this
case it is far easier not to diagonalize but deal with the series expansion directly.
An example of this is calculate e*/v where J, is the angular momentum in the
y direction of a spin 1 particle.

An important result often used in quantum physics and statistical mechanics
is the following

Theorem 3.3 Lie product formula. Let X and Y be n X n matrices that in



general do not commute. Then

XY = lim (ege%) (15)

m—ro0

Proof If we multiply the power series expansion of emen and keep only terms

linear in X and Y we get
X Y 1
e5=1+++0<2>
m m m

For sufficiently large m in the domain of the logarithm we have

X Y X Y 1
NESHR SIS

If m is large we can say that

x vy X Y X Y 1,
log (e%ew) ==+ = 40 (15 + =+ —||
m m m m m

3

€

Taking the exponential of both sides gives

(e%e%) = exp (i + % +0 (7;2))
(e%e%)m = exp (X +Y+0 <1>>
m

By continuity of the exponential, the result follows as m goes to infinity

3.2 The nature of some Lie Algberas as viewed from Lie
groups
Lie algebras can of course be studied on their own and for their own sake as

was done in the previous chapter. We now approach lie algebras from the angle
of the lie groups.That is given a lie group what does its lie algebra look like.

3.2.1 Special Linear Group

It will be proved later on that det(e®) = e!"*. This implies that if the
determinant of eXis 1 it must be that the trace of X is zero. Thus we arrive at
the statement that the lie algebra for special linear group has trace 0.

3.2.2 Unitary group

Recall that elements in the unitary groups are matrices such that Ut = U1,
This means that (eX)* = (eX)™! = e=X = ¢X". We thus have that X = —X
i.e the lie algebra for the unitary group is generated by anti-hermitian matrices.
For the special unitary group we have that the lie algebra is spanned by matrices
that have the additional property that they have trace being 0.



3.2.3 Orthogonal groups

For these groups we have that O = O~!. Thus (¢X)T = ¢*' = (eX)~! =
e~X. We therefore have the conclusion that the lie algebra for the orthogonal
is spanned by matrices X, with X7 = —X. This condition forces the diagonal
entries to be zero and thus have trace being zero.

3.2.4 Generalized Orthogonal groups

There are denoted as O(n, k) and are (n+k) x (n+k) such that for a diagonal
matrix d ATdA = d for A € O(n,k). D is a diagonal matrix with the first n
entries consisting of 1 and the last being -1. Similar arguments can be made to
show that the lie algebra consists of matrices such that dX7d = —X for X in
the lie algebra.

3.2.5 General properties of the Lie Algebra

If X is in the lie algebra g of the group G and A is in G then Ae!X A~ is
in g for all t € R. This follows trivially from proposition 4.3.2. We can show
that the commutator of two elements in the lie algebra is also in the lie algebra.
This was an assumption when we looked at lie algebras. Consider the following

%etheftX _ X@tXY€7tX o etXYXeftX

Now evaluate the above expression at t=0. To get XY - YX. Now e!XYe™tX ¢
g for all t. This can be deduced from the comments in the first paragraph of this
subsection and we know from that the lie algebra is a real subspace of M(C)
and in particular it is a topological closed subset, it therefore follows that

hXy—hX _
XY - VX = lim e Ye "t Y
h—0 h

belongs in g

Theorem 3.4 Suppose we have a lie group homomorphism ® from the groups
G to H. We can show that there is lie algebra homomorphism ¢ attached with
1t.

We sketch the proof as follows.

Proof Since ® is a continuous lie group homomorphism, we know that ®(e*¥X)
is a one parameter subgroup for each X in the g.. So this means there is a
unique element in H which write as e!?. We now claim there is a map ¢ such
that ¢(X) = Z and we show that is has all the properties of a lie algebra
homomorphism.

1. By definition we have ®(eX) = e?(X)
2.Check that ¢(tX) = tod(X)

10



3. By 1 and 2 we have et?(X+Y) = c@(H{X+Y)) — @(HX+Y))

4.Use the Lie product formula to show that ®(e!X+Y)) = H@(X)+e(Y)  The
differentiate the result and evaluate at 0 to get ¢(X +Y) = ¢(X) + ¢(Y)
5By 1 and 2 we have e/®(AXAT1) — @(LAXATL) — @(tAXATL) - Uge the fact
that ® is a homomorphism to get ®(e!4X4™ 1) = B(A)eX)P(A).

6. Recall that [X,Y] = %etXYe’tX lt=0. Apply the ¢ to both sides and use step
5 to get the result that ¢([X,Y]) = [¢(X), ¢(Y)] O

Carrying out all the steps in the sketch laid out gives the result we want.
Now we note that the determinant is lie group homomorphism and the trace is
a lie algebra homomorphism. We thus have the result that det(eX) = e X .

3.2.6 The Adjoint map

Definition (The adjoint map). Let G be a matrix Lie group, with lie algebra
g. Then for each A € G we define the linear map Ady : g — g such that
Ady(X)=AXA!

Theorem 3.5 Let G be a matriz Lie Group with lie algebra g. Let GL(g) denote
the group of all invertible linear transformation of g. The for each A € G, Ad
s an invertible linear transformation of g with inverse Ad -1 and the map A —
Ady is a group homomorphism of G into GL(g) and satisfies Ada([X,Y]) =
[Ad(X), AdA(Y)]

Proof It should be easy to see that Ad -1 is the inverse of Ad4. It should be
easy to check that Adap = AdsAdg.

AdA([X,Y]) =AXY)A™ — A(YX)A™!
=A(XATTAY)AT — A(YATTAX)A!
=(Ada([X,Y])
=[Ada(X), Ada(Y)]

By theorem 4.3.4 we know there is a lie algebra homomorphism from the
lie algebra to the linear algebra of linear transformation acting on the lie alge-
bra, which we denote as ad and defined such that ad : g — ¢i(g). This was
defined earlier in the context of lie algebras but we now show it follows from

the lie group homomorphism. We can see this by considering the following

adx = %Adetxh:o(Y) = %etXYe_tX\tzo. But we have already carried out

this calculation we know the result is [X,Y].

From this we can prove a highly no trivial result. Consider e??x(Y) = Ad x (Y) =
eXYe X, So we have that (e?x (V) = eXYe X

4 Baker-Campbell Hausdorff Formula

The main purpose of the Baker-Campbell Hausdorff formula(BCH) is it
shows that if ¢ is a lie algebra homomorphism from lie algebras g — § then

11



if there is a map between groups G and H ® : G — H with lie algebras g — §
respectively with ®(e¥) = e?(X) then ® is a lie group homomorphism. It accom-
plishes this task by expressing the product of two lie group elements in terms
of the lie bracket of the lie algebra.
The Baker-Campbell Hausdorff formula says
1 1

logle®e¥) = X +Y + %[X, Y]+ E[X, [X,Y]] - 5[Y, (X, Y]]+... (16)

Now apply the lie algebra homomorphism ¢ to 4.9 we have

1

Bllog(eX ) =6(X) + B(¥) + S [6(X), 6(¥)] + 15[6(X). [6(X), 6(V )] -
1

S16(1), [6(X), 6] + ...
—log(e#X)e# )

Since we have that eXeY = e9(¢™¢”) then we have ®(eXe¥) = e?(log(eXeY))
then applying (BCH) we have that ®(eXe¥) = ®(eX)®(e¥) , thus making ® a
lie group homomorphism.

Note: BCH holds for sufficiently small X and Y.

Let g(z) = io_gi for some complex number z. This function is defined and

analytic in the disk |Z — 1] < 1 and can be expressed as the laurent series
g(z) = Y= am(z —1)™. For a finite dimensional vector space V and an
operator A on V the for |[|A—I|| < 1 we can define g(A) =Y~ a,,(A—1)™.
There is an integral version of BCH and it is the following

1
log(eXe¥) =X —I—/O g(etdx etady ) (Y dt (17)

Again the result holds for sufficiently small || X||,||Y]| and X, Y n X n ma-
trices.

4.1 Derivative of the Exponential Map

Before we deal with BCH we look at the derivative of the exponential
map. Note that if X and Y commute then eXt?Y = eXe!¥ and calculating
4 (eXHY|, o) is trivial to calculate. But if they do not commute then the

derivative is highly non-trivial to calculate.
Theorem 4.1 Let X and Y be n X n complex matrices. Then,

4
dt

I _ e—adx

eX-',—tYlt:O — €X{

(Y)} (18)

adX

and more generally

d I —e 0 dX
e SO (07 Gl et

dt adX(t) dt ) (19)
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Proof Define A(X,Y) = 4eX+V|,_; and note that
GXAHY _ (eﬁ+’y) (20)

Now if differentiate 4.20 with respect to t and evaluate the expression at
t=0. We will get m terms and in each term there will be one factor that has
the derivative and the others will not. Once we evaluate the expressions at t=0
a generic terms will look like this

d
(6X/m)n <dteX/m+tY/m|t_0> (eX/m)k (21)

wheren+k=m-—1
Thus we have

%eX-&-tY't_ mz ( %) (c(llt Xfmety fm) 0) (eg)k

k=
—e(m=1)/mX mz: )k?A (X/m, y/m) mk
=0
_olm1/mx %mz( =" (A (x/m. 1))

Linearity of A(X,Y) was used in the last step. The above expression is true
for all m and in particular true as m — oo, we have that A(0,Y) = Y In the
limit as m goes to infinity we are left with studying

= Z ( *_‘fox) (22)

We proceed with a non-rigorous argument by pretending the summand is a
number rather than an operator and apply the geometric series formula. This is
ultimately okay because we are dealing with operators with small enough norms.
So we have

1 « Zodx 1 1- e~ adx
m Z ( )  m1—eadx/m (23)
k=0
and as m goes to infinity we have %de O

We now turn to the proof the Baker Campbell Hausdorff formula.

4.2 Proof of Baker Campbell Hausdorff Formula

Define Z(t) = log(eXetY) with t between 0 and 1. We need to compute
Z(1). We have that

d _
e—Z(t)an(t) _ (eXetY) 1 XYy — v

13



One the other hand we have just shown that

d I—e %20 (dZ
-zt 4z 6< )

dt T adgy)  \dt

So we have

I — —adz(t)
T—em™0 fdZ _
adz(t) dt

X and Y are small so we can invert the formula to get

dZ (I —e9dzi\ !
i (G ) o 2

By the Ad homomorphism and the relation between ”Ad” and "ad” we have
etdz) = gtdx gady o adgz ) = log (eadx e“dy). Plugging these results into 4.17

we have .
dz T — e%dx gady) \ ~
7 = (g reaamy) (25)

-1
Remember before we defined the function g(z) = (1_Z 1) . Applying this

logz
to 4.18 we have

92— gty (v) (26)

Note that Z(0)=X and integrating we get
1
Z1)=X +/ g(e®®x ety ) (Y dt (27)
0

which is what we want.

We can make connection with the series representation of BCH in the fol-
lowing manner:
The closed form of the expression for the series expansion of g is

= (1
=1 ) _(z-1m
o) =1+ 3 L
we first deal with the term (Z-1)
adx ,tad (adX)2 2(adY)2 2(adY)2
eX e [ = adx+tady +tad,ady + 5 +t 5 +t 5 +... (28)

so we have
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1 dx)? dy)? dy)?
g(eadxetadY)ZI—Fz<adx+tady+tadxady+(a X) —|—t2(a Y) +t2(a Y) _|_>

2 2 2

1
fé(adx+tady+...)2+...

We then have (neglecting high order terms)

! 1 1 1 t
log(eXe¥) =X +/0 v + §[X7 Y]+ Z[X, [X,Y]] - 6[X, [(X,Y]] - 6[Y, (X, Y]]]dt
(29)
=X+Y+ %[X,Y] + %[X, [X,Y]] - %[Y, [[X,Y]+ high order terms
(30)
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