1 K-dimensional distribution on a manifold
We a fix a k-dimensional subspace in each of the spaces
D, CcT,M dim D, =k

If these subspaces depend smoothly on x, we say that a k-dimensional smooth
distribution was defined on M. For the theory of connections, a distribution is
given and we look for a k— dimensional stratification on M.

Let L be an n-dimensional linear space and o« € L be a co-vector . We can check
that the set W of vector which annihilate the covector i.e

W :={we L| < a,w >=0}

is actually an (n — 1) dimensional subspace of space L.
If & = e! then the w that annihilate a will be those for which w! = 0. If o =
are! + aze?, then the w that annihilate will be those for which wla; = —w?as.
If are! + aze? + ... ane™ then the w that annihilate a will be those such that
wla; = —(w?as +w3as + ... w"a,). Therefore there is one constraint and W

has to be (n-1) dimensional.

Supposing 3 is another co-vector in L then their annihilation space turns
out to be (n — 2) dimensional subspace of L. Doing a similar procedure as
the paragraph first set that for the two co-vectors o« = e, 3 = e? and even-
tually we get two constraints namely a;w! = —(w?as + w3az + ... w"a,) and
bow? = —((w'b; +w3bz+...w"b,). This process can be generalized to q linearly
independent vector in L making W an (n—q) dimensional space. If e, = (eq, €;)
is a basis in L which adapted to the subspace Wiee, € W, = 1,...k then the
co-vector e‘(i = k +1,...n) define (as constraint 1 forms) the same subspace
W. L* has basis (e®,e’). Why? From the work above the annihilation space
created by e’ will be (n — (n — k)) dimensional which be a k dimensional and
so isomorphic to W. In-fact the subspace W is not changed if e, are scrambled
since we have e/, = Afes we can find B! such that Ble/ = ¢’" annihilate e/,.

A € GL(k,R) or B € GL(n—k,R) gives a certain degree of freedom in fixing
a subspace. This freedom may be reduced if we use an (n — k) form instead of
(n — k) 1 forms.

What we have described is a way to get a k dimensional distribution. We say
that vector fieldV belongs to the distribution D if at each point of the domain
O the value V,; of the field belongs to the subspace D, given by the distribution.
Let a k-dimensional distribution D in a domain O be given be vector fields e,
or alternatively by constraint 1 -forms 6’ then < §%,e, >= 0 and V <= D
V=VYz)e, &= <0,V >=0

FEzample



Consider a 2-dimensional smooth distribution D in R? given by constraint 1
-form 2 = 0 := dz + xdy — ydx = dz + r’do

i) if a,b,c € F(R?) and V = ad, + bdy + ¢, then V € D <+ ¢ =
ya — b <= V = a(0, +y0.) + b(0y — x0.) why?

< dz+ zdy — ydx,ady + b0y + c0, >=0 <=
c+ab—ya=0 < c=ya—ab < V =a(d, +y0.) + b0, — z0.)

So we choose e, fields as e; = 0, + y0,,e2 = 0y — ©0,.
The above distribution is interesting because it is non-integrable. First we
introduce the Frobenius criterion

Theorem 1.1 Frobenius Theorem: In terms of vector fields a distribution D is
integrable iff the commutator of arbitrary vectors fields from D also belongs to
D i.e D is integrable < {U,V € D = [U,V] € D}

We can now show that the distribution introduced above is non-integrable
since

le1, e2](f) = [0x, 0y — 20:] + [y0-, 0y — 20:](f)
= _Qaz(f)

—20, #= aej + bes so D, was not integrable. In terms of constraint 1-forms
6%, Frobenius theorem says that a distribution D is integrable <= for arbitrary
vectors U,V € D there holds df*(U, V) = 0 i.e if the restriction of all 2-forms
df' to distribution D vanish. For our example df(ey,es) = 2 # 0

A constraint 1 -form 0 of a 2 dimensional distribution in ordinary 3 dimen-
sional euclidean space E® has the form 6 = A-dr . The distribution D given by
this 1 -form consists in each point of vectors which are perpendicular to A. So
ig(A-dr) = B- A but since according to frobenius theorem we must have 6°¢|p
we have that B - A = 0. We also have that A-(V x A) = 0 Why? Frobenius
= df =0 N0 where 0 =C -dr, C-dr AN Adr = (C x A)dS = (V x A)dS but
d(C x A)dS =div(C x A)dV. Let G=Cx A,s0 A- (VxA)=A-G=0

2 Linear Connection and the Frame Bundle
Advantage: Contrary to what happened with describing the connection on a
manifold where we needed to use local co-ordinates with the introduction of the

frame bundle we can give the connection a global structure.

Consider the set LM of all frames e(z) at all points = of a manifold M

LM = U e(x)

zeM



This is endowed with a structure of a smooth manifold of dimension (n+n?)
Why? Let 2% be local co-ordinates on § C M and e(x) a frame field defined on
the same O. Then for an arbitrary frame E in x we may write E = e(z)y i.e
E, = epyt for y € GL(n, R) sox’,y> may serve as co-ordinates on O C M

Define a map 7 : LM — M, e,(xz) — x. This is a smooth map with co-
ordinate representation (z,y%) — x?. For arbitrary z the pre-image 7~ !(z) is
diffeomorphic to GL(n,R). The above is called the frame bundle.

There is more structure, namely a natural action of the group GL(n,R). If
A € GL(n.R) then the map Ry : LM — LM, e — Rae = eA is a right action
of GL(n,R) on LM.

Note: This is different from the fiber. For the first GL(n.R) we picked a
frame at a point and applied y to to another frame. But this new action is
applied on y i.e Ry : (z%,y)) — (2/',y;%) = (2", y2AS). This action is free,
transitive and vertical i.e ro R4 =7

2.1 Connection form on LM

In order to describe a global connection on the manifold M, we need a covering
of the manifold by open domains O, along with locally defined connection 1
forms; on each overlap O (O’ compatibility is ensured by

e =ed = &' = AT'O0A+ A7 NA

Assuming ¢ = eA then in the overlap region pulling back to the frame
bundle we have that wp = wer since

wor = y/_l(ﬂ'*d))yl +y/_1dy/)
= (A7) M (r (AT wA+ AT A ATy + (A7) (AT y)
=y A [W*A—lwA + A_ldA] Ay y7tA [dA_ly + A_ldy]

=y ' moy +y T d(AAT )y + ydy
=y 'miey+yldy

This means that there is a global connection on LM written as w = wiE? €
QY (LM, gl(n.R)). Making use of 1-forms &,, on M we can reconstruct w on LM
as follows

Let local section be defined as follows o : O — LM over the frame bundle
7w : LM — M. These are in 1-1 correspondence with the frame fields i.e o(x) =
e(z). Thi is done by letting y# = §¢ so that z* — (2%, 6}). Now let w €
QY (LM, gl(n,R)) be the connection on LM then & = o*w. In 7=1(0) we have
w=y M oy+y tdybuty = Isow = m*0 = o*w = o*on*W = (w00 ) W = W

2.2 Properties of Linear Connection

1. RRw=Ady—1w == A"1wA
First we derive Rje;.



RZei =R, ;¢
=Ly E;
= LyR.y1 E;
= LunLy-1,Lg<Ry—1,E;
= Ly.Ly1,Ad,yE;
= (Adg);»ei

using ) =< €, e; >=< Rje’, Rie; > we get (Adg—1)sel.
The components of wi.eE? transform like e’ so that RYw = Ady—1w

2. Let £¢ be the fundamental field of the action R4 which corresponds to
aC € gl(nR). &o = (yO)pab = Cyéps where {ga = y;0¢ and 07 = a@c' Then
<w o >=C ’

3. Lepw = —adow = —[C,w] (A proof of this is given later.)

2.3 Geometrical interpretation of a connection form: Hor-
izontal distribution on LM

A wertical distribution DY may be defined on LM so that the vertical subspace
Vero.LM is declared to be the subspace which the distribution singles out in
each tangent space.

D) :=Ver.LM = Kerm, C T.LM

so that W € DY «<—= =W = 0 A general vector field on LM is given by
&= aa% + ¢ 0yp so a general vertical vector field has the form

W =W2(z,y)0ys = Wl (x,y)¢ms (1)

It has dimension n? and is integrable since for any 2 V, W € D?, [W, V] € D?.

If there is an action of a group G on a manifold M, an action on distributions

on the manifold is naturally induced: if R, shifts points, then R, shifts vectors
and so

Dy — Ry Dy = (RyD) gy (2)

It may happen that D is G-invariant R,D = D i.e the shifted subspace always
happens to coincide with the subspace residing originally at the shifted point.
Thus a vertical distribution on LM is GL(n,R) invariant i.e for A € GL(n,R)
RADY = D" or Ra.(D?) = D?,. Locally we have that Ra.(z,y?) = (z,ys Ab).

The construction of the vertical distribution needs no extra structure.

Let w = ngZ be a connection form. The 1-forms wj are linearly indepen-
dent. Why? Let kiw? = 0 then 0 =< kfw?, {c >= kZCP since C # 0 then
kf = 0 meaning w; are linearly independent.

Now < w,V >=0 <= V & D" defines a smooth n-dimensional distribution
D" on LM is defined; it is called the horizontal distribution. The subspace



singled out (at each point e € LM) by the distribution is called the horizontal
subspace

Hor,LM =D" c T.LM (3)

Let D" be the horizontal distribution on LM given by a connection form w.
We can check that if v € T,,M, then at each point e € 7~1(x)3 a horizontal lift
i.e a unique vector v € T.LM such that m,0" = v for v" € Hor, LM. We have
e=ad; — y?@fje € T.LM with w,e = a0;,a0; € T, M.

The distribution D" is spanned by vector fields

Hi=0;— <wy,0; > yl0s = 0i— < wj,0i > Epp (4)
A general horizontal vector field V on LM may be written in the form
VeD" «— V =vi(z,y)H; = Vi(zx,y)ol (5)

The proof the statement follows by picking the ansatz v = v?0; + vgﬁg using
< wi oM >= 0 we have < w, v >= 0 =< w,v'9; > + < W, VPO > =
—vt < Wl G >= v = M =01, — v < w §; > . We also have the
operation of the horizontal lift v — v" is a linear isomorphism of the whole
tangent space in 2 and the horizontal subspace in e since v*0; < v Hj.

If a vector turns out to be at the same time horizontal and vertical, it is
necessarily zero because if e € Lm and is in Ver,LM then < w,&c >= C but
it is also in Hor.LM then C' = 0. This means that

T.LM = Ver.LM @ Hor. LM

The horizontal distribution D" on LM is GL(n,R) invariant i.e
RAD" =D" or Ra. (D)) = D!y

because we know that Raw = Ad -1w = A~ wA also for v € Hor, LM we
have < w,v >= 0 then < w, Ra,v >=< w, Adg-1 >= A" <w,v>A=0

2.4 Horizontal distribution on LM and Parallel transport
on M

Imagine we have a curve «(¢) on M and a field of frames e(¢) on the curve. Such
a field of frames then induces naturally a curve 4 on LM, one assigns a frame
ea(7(t)) to the parameter t, interpreted as a point on LM. We fix a frame E at a
point of the curve . Making use of the connection, we generate an auto-parallel
frame field el (£) on 4. 4 has the feature of horizontality i.e its tangent vector is
horizontal at each point. (The connection picks out the horizontal vectors). We
now verify that an auto-parallel frame field ell on a curve y(t) on M induces a
horizontal curve 4(t) on LM i.e < v,4 >=0.

Let 4(t) be represented by a7 (£), y¢(t) then el = ybe,



0= Vsep = Vi(yher)
= (Vvydes + 42 Vve,

yZeb +yg <We, > e

:Ui

8’12'7;
= :[/Zeb + yZ <wg, A > e for ¥ = 0,

= yZeb + yg < (Z)Z,:L‘Zal > ey

All this implies that —yg < @Z,jﬁiai > ey = ygeb. This means that 'Ay =
10, 1 ook = @10, — yb < WP, 0, > O = & (B — yb < &b, &; > o). This is
the expression we had for a general horizontal vector in (6.5).

3 Principal Bundles

2 manifolds P and M are to be given along with a smooth surjective map = :
p — M. All pre-images being submanifolds of P diffeomorphic to each other.
Aright vertical action of a lie group G in the total space P is to be added. i.e

Ry:P—P, Ry,=RpoR;, m@moR;=m

The action is free (all stabilizers are trivial) and transitive(any 3 pts in a
single fiber can be joined by the action). There is a local product structure
which may or may not turn out to be global

Yo 1 T HO) = Oy x G
Yo :p— (m,h) = pg — (m, hg)

For any 2 points p, p’ residing in a common fiber 7(p) = 7 (p’) 3! group
element g € G which links the points in the sense that p’ = pg Why? The
action of the group is free and transitive. Let G be a lie group, H a closed lie
subgroup . Each homogeneous space M G/H is the base of a principal H-bundle
m:G— M G/H. We can check in fact we have a principal bundle

a) Any two domains O, Og that lie in a coset of G/H will be taken to the
fiber in the total space, so that 771(0,) ~ 77 1(0)s
b)For the right vertical action of the lie group in the total space we have g €
G.g—9l.g€ H gg—[99] =g = moRg=m
¢) Local product structure

Yo =7 (08) = Ou x G
Yo g+ (lg],h) = g9 — (ld],99)

There is also additional structure, namely a fiber preserving £, (left action)
of the group G on the total space, as well as its projection L, being left action



of G on the base M i.e oL, = Lyo.

The generators of the action H along fibers are the left invariant field Ly on
G corresponding to elements Y which belong to the sub-algebra Z C G Why?

Theorem 3.1 The flow of left-invariant vector fields is generated by right trans-
lation. The flow of right invariant vector fields is generated by left translations.

Proof LetLy be a left invariant vector field and X% the flow of left invariant
vector fields. But we know that Ly.Lx = Lx and the flow of Ly, Ly is Ly o
® o L;!, which is also the flow of Ly = Lgo®* oL,1 = &/¥ =
Ly o ®* = ®lx o L,. So the flow commutes with all left translation but we
know that Ly o R, = R 0 Ly so <I>tLX is got by a right translation. The similar

argument can be made for a right invariant vector field [J

The generators of the £, action in the total space G are all right-invariant
fields R, G with X € G i.e

d

pn (Leapiex)g) = £x  where x is a right invariant vector field  (6)

Examples

1. SL(2,C) bundle

1

0
form (}%). But these must have determinant 1 this means that a = 1 and
lower left hand corner is actually zero so that we have an element of H look-
ing like (§%). This is isomorphic to C. What about the orbit of ({)? This is
(25)(§%) = (%) Which isomorphic to C* = M ~ G/H It turns out that this

H-bundle is trivial. To show this we provide a global section. ¢ : (¢ ) — (‘; E )
k
where |a|? + |¢|> = k. From all this we can now see that SL(2,C) is diffeomor-

prhic to R? x §% because SL(2,C) ~ M x H=C?>xC~ R x S% x (C~R?) ~
b)as a manifold , M ~ R?

R3 x §3
¢) the group H is isomorphic to SO(3)

Note: If the base manifold is contractible then the bundle is globally trivial.
Since R? is contractible then Ll =R x SO(3)

G = SL(2,C), H = stabilizer of < . The stabilizer matrix is of general

2. Proper orthochronous Lorentz group. G = LL H = stabilizer of (

Qoo+

a) the orbit of the point is upper hyperboloid.

3. Hopf Bundle



Consider C? with elements xy and R® with elements 2 — z, = %é)
3

SU(2) acts on both manifolds as xy — Ax = Lax,VA € SU(2) and on R?
through 2-sheeted covering f : SU(2) — SO(3) so that (f(A4)x) = ﬁf(A)x and

We first need to understand why SU(2) ~ S? to construct the hopf bundle.
The construction comes from quaternions{I,i = io,,j = io,, k = io,} hence a
general quaternion is A = al +bi+cj+dk = (fg g) where x = a+ib,y = c+id

The inner-product of quaternions is (x1,ys2) - (Z2,y2) = 1& + y1Y2. So if
we have unit quaternions i.e z1% + y192 = 1 then A € SU(2) but because
detA = a® + b* + ¢® + d? = 1 we have that SU(2) ~ S3.

Going back the construction of a hopf bundle we define a non-linear map

7:C2= R xy—r r:xloy (7)

Since the matrices {I,0,,0,,0.} span all hermitian matrices the matrix
xx! may be parametrized as yx' = %(rlz +1-0) where 7 := xfx. We can
now restrict 7 to S* C C? of radius y/r in C2? so to columns of y which satisfy
xTx = r. This restriction has a two dimensional sphere at an image. To see
that one calculates |r|?> = (xTo)(xxT)ox) = 72. We can normalizer r so 2 = 1.
In this case we get a restricted map 7 : S* — S? with 7 — n with

1
= 5([2 +n-0) where n :=nfon (8)
The map 7 is SU(2) equivariant i.e
%OLA:[A/f(A)Oﬁ' (9)

this means that the following actions are equivalent n — An or n — Rn
where A € SU(2), R € SO(3). Plus the map 7 is surjective because each vector
n has a pre-image since n — nn = n;o’. Next we note that if  is the pre-image
of n then so is e’ since e**nnfe™* = nn'. So really the what we have is the

following
e'n— n (10)

We now think of 7 as a projection map on some bundle. Looking at (6.10)
we see that there is a fiber at a point on S? being U(1) ~ S!.Therefore locally
S? ~ S? x S' and the fiber bundle 7 : S? — S? is called the hopf bundle

4 The Connection and parallel transport on a
Principal bundle

4.1 The connection

Definition A connection on a principal G-bundle 7 : P — M is an arbitrary
horizontal G-invariant distribution D" on total space P



All horizontal subspaces within a single fiber may be linked together by the
action of the group G. Same is true for vertical subspaces i.e Rg.Hor,P =
Hor,y P and Rg.Ver,P = Very,P.

The decomposition of a vector into Hor and Ver commutes with the group
i.e horRy.V = Ry horV.

Given X € G consider the fundamental field {x of the action R, on P. Define a
map

U,:G—Ver,P X —¢x(p) (11)

V¥, is an isomorphism since ¥, is a representation of the lie algebra G, plus if
Ex(p) = &y (p) then Ex_y (p) =0 and X — Y is in the stabilizer which is trivial
so X =Y. Therefore we have injectivity and the action is transitive so we have
surjectivity.

We also have the following behavior

Rgi 0 (€x) = €adg-1x(pg) = Rgi 0 ¥y,
Wpg 0 Adg-1 = Wpg 0 (9_1X9) = fAdg,lx(pg) — Ry oW, =V,,0Ad,

Aslo we have \I/;g1 o Ry = Ady-1 0 \Ilzjl.
Now we introduce the connection form. At a point p € P define a lie algebra
-valued 1-form by the prescription

< Wp, Up >i= W;l(Verp) (12)

Clearly the horizontal vectors are annihilated by the 1-form since ¥, ! (hor P) =
0.

If E; is an arbitrary basis of the lie algebra then w, = w;,Ei. Where we
can think of w; as 1-forms and serve as the constraint 1-forms of the horizontal
subspace Hor,P C T),P

4.2 Parallel Transport and the Exterior co-variant deriva-
tive

Let D" be a horizontal distribution on P, given by connection form w. We
can check that if v € T, M is an arbitrary vector at a point z € M, then at
each point p € 7~ 1(x) in the fiber over x 3 unique horizontal lift such that
Tl = v, 0" € Hor,P and v'0; — v'H; which is clearly an isomorphism.

Also m, @ T,P — T, M gives a decomposition T,M = Ver,P @ Hor,P
where Ver, P := kerm, = HorpP ~T, M.

If we lift v to v to all points of the fiver over x, we get a vector field which
is G-invariant . Rg.0" = v" again v'9; — v'H; and < w,v" >= 0= w(v") and
w(Rgev") = Riw(v") =0 = Rg.v" € HorpyP.

Let v be a curve on M of principal bundle 7 : P — M with connection and
p an arbitrary point from the fiber over v(0). There exists a unique curve "



on P given by conditions

7r0’yh

¥"(0
w, (")

~ can be made into an integral curve of some vector field V. It will be unique
because of uniquenes and existence of solutions of ODE. The vector field can
then be lifted and since there is an isomorphism betweenT, M and Hor, P there
will be a unique lift on the principal bundle with a corresponding unique inte-
gral curve for the lift. This will be 4. This procedure makes the claim obvious.
All this means is that 4" = (¥)" and (yo o))" =~y" 00,0 : t — o(t) € R where
o is a re-parametrization.

Il
o =R

)
>

We interpret points of the horizontal lift p(t) = v"(t) as a parallel trans-
ported ”generalized frame”. We can transport more general objects. These are
equivariant functions on P i.e maps

D:P— (v,p) (13)
Do Ry =p(g~")o®ie®(pg) =plg~")P(p) (14)

A quantity of type rho at a point x € M is introduced as an equivariant
function ® from the fiber over x to V. Its value Phi(p) is regarded as ”compo-
nents” of the quantity with respect to ”basis” p. If we change "basis” i.e p — pg

then ®(p) — ®(pg) = p(g~1)®(p)

Parallel transport of ® can be defined in the same we defined parallel trans-
port of frames i.e if we parallel transport a frame along a curve -y, the corre-
sponding components are kept constant (by definition). This means

® is parallel transported along v => ®(y") = constant

The above condition may be re-stated as < d®, ()" >. An explicit calcula-
tion can confirm this

d

<dB, (1) >= dD(3") = D, = =

(@(y")) li=o = % ( constant) =0  (15)

The fact that ® corresponds to an autoparallel quantity of type p on a curve
v may be written in terms of forms, namely a projection on the horizontal part
and a combination of such a projection with exterior derivative. For an arbitrary
p-form « on P, define a new p-form hora by

(hora)) = (U,...V) := a(horU, ... horV) (16)

10



i) it is well-defined (result is a p-form) since I' : V +— horV is a linear
operation and an isomorphism.

ii) the map hor : QP(P) — QP(P) is a projection since hor o hor = hor. We
check this by note (hor o hor)a(U,...V) = (hora)(horV,...horV) = a(hor o
horU, ... hor o horV) = a(horU,...horV)

iii) horizontal forms are annihilated by a vertical argument and hora =
a < iwa = 0for W € VerP. On direction we have hora(W,...) =
alhorW,...) = a(W,...) = 0 since horat = a = iwa = 0. In the other di-
rection we have iya =0 = a(W,...) =0,a(horW,...) = (hora)(W,...) =
alhorW,...)=a(W,...) =0 = hora =«

iv) For connection we have horw = 0 since w(V) := U~ toverV,v € T,P =
horw = w(horV) = ¥~ (ver o horV) =0

v) hor(a+ AB) = hora+ Ahorf and hor(a A 8) = hora A hor. This means
that hor is an endo-morphism of the cartan algebra Q(P) of differential forms

Q(P) := Im hor C Q(P)

The map hor preserves the representation of . WE can now define the
exterior covariant derivative by

Da := hor da (17)
i) it is map D : QP(P) — QPH1(P)
ii) it behaves like D(a+AB) = Da+ S, D(aAf) = (Da) AhorS+(1) hora)Ap
iii) D preserves the representation of « since hor does.

Suppose a quantity ® of type p satisfies the condition D® = 0 over some
domain U on M. If v is any curve passing in U, then the restriction of ® to
fibers over v corresponds to an auto-parallel quantity of type p defined over
since < d®, (¥)" >=< d®, hor(§)" >=< hord®, (¥)" >=< D®, (¥)" >

4.3 Curvature form and explicit expression for exterior-
covariant derivative

The lift of curve ~, 7", is not uniquely determined i.e two paths starting at
x on M may end at different points in the fiber once the horizontal lift is
performed. We are only guaranteed to land in the same fiber. Another way
of staring this is parallel transport around a loop may be non-trivial, whether
this is true or not depends on the integrability of the horizontal distribution. If
the horizontal distribution is integrable, then the lift of a small enough lop lies
entirely within the integral sub-manifold passing through the point z. But since

11



there is only one integrable sub-manifold along x the end and starting points
necessarily coincide. Therefore integrability determines if parallel transport is
locally dependent. So we need a way of measuring non-integrability.

Frobenius integrability condition of a distribution states that the distribution
is integrable <= the restriction of the exterior derivative of all constraint 1
forms to D vanishes i.e d9* = 0 on D or D" is integrable <= {U,V € D" =
dw(U, V) = 0}.

So the horizontal distribution D" is integrable <= the 2-form Q = hordw
vanishes i.e

D" is integrable <= Q:=Dw =0 (18)

This 2-form is called the curvature form. If D" is integrable —> Dw =
hordw = dw(horU, horV) = 0 and <= But if dw(horU, horV) =0 = D" is
integrable.

This condition is simple but we still lack a simple algorithm for computing
the curvature form. We now develop that.

Let o and 8 be differential forms with values in a lie algebra G then
i) a = o'E;, 8 = B°E; then the prescription
[aAB]i=a' ABE;, E)] = cfjai A BBy (19)

is well defined i.e it does not depend on the basis of the lie algebra. This is true
since if A changes the basis then A~! changes the components i.e a’, 47 and the
net effect is nothing.

ii) [aAB] = —(=1)P?[BAa]. So there is a negative sign got by changing order
of differential forms and another changing order of elements in the lie bracket.

iii) [aAB](U, V) :== [a(U), B(V)]+[B(U), a(V)] so a corollary is [aAa](U, V) =
2[a(U), a(V)]. Note that extra sign coming from switching lie algebra elements
in the commutator prevents us from getting zero.

We can use definition of wedge product to get the results

iv) dla A B] = [da A B] + [Ha A dB] where n = (—1)P

v) hor[a A B] = [hora A horf]

So the curvature form 2 == w may be expressed as Q = dw + 3w Aw]. To
prove this we have to prove that dw(horU, horV) = dw(U,V) + [w(U),w(V)].
We need to prove this for an arbitrary basis . So let us say that U, = U, + &,

where Up € HorP and £, € VerP. If U and V are entirely horizontal then it
is easy to see that the claim is true. The two slight more non-trivial cases are
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if one is entirely horizontal and the other entirely vertical and lastly if both are
entirely vertical. In either case the hard part is the first term on the right hand
side.

dw (€2, U) = igig,dw =0
dW(fl,fy) = Z&yzgydw = _[X7 Y]

Using the above results the claim follows. Both results come from the iden-
tity ig, dw = —adxw = —[X,w] = —¢}; X"w’ E. Let us prove this

Recall Rjw = Adg—1w = £ (Riw)|i—0 = £ (Ady-1w) Now Ly = %[,

where ®* is the flow of V. Right translations are the flow of left invariant

vector fields so %(R;w) = L¢,(w). The Ad map has the lie algebra version
as ad = Lgw = —adxw == —[X,w]. We can calculate i¢, dw as follows

iExdW = (C&T - di);:x)o.) = ,Cgmo.) —dX = —[X,w]

Amazing consequence: The operation hor is realized as simple addition of
the term 3w A w]. We thus do not bother with horizontal directions.
The curvature form has the following properties

i) horQ) = §2 because we showed hor o hor = hor

ii) R;Q = Ady-1€Q because R} o hor = hor o R*g so R;Q) = Rjhordw =
hor Rjdw = hordRyw = hordAdg-w = Ady-10

iii) € satisfies Bianchi identity D2 = DDw = 0 because DDw = hord(dw +
2w Aw]) = hor[dw A w] = [Dw A horw] = [Dw A 0] = 0.

On the total space P, consider a differential p-form o with values in the lie
algebra G and a g-from with values in a representation space (W, p ) of the lie
algebra then o = o'E; and 8 = $°E, (E, basis for W ). We then define the
following operations

p()AB := o' A Bp(E;)E, (20)
= phi(a’ A B%)E, (21)
= (af AB")E, (22)

The above exterior product is independent of choice of basis and therefore
is well defined. If we have a 0-form ® we have

p()AD = p(a) A ®
o'p(E;)®°E,
= (phia'®")E, = (aj @) E,

13



There other exterior product defined in (6.19) is a special case of (6.20)
where rho is simply the adjoint representation. So p(a) = ada = [¢'E;,]. In
the following we state a few properties of this exterior derivative

i) d(aAB) = d(a’ A B*p(Ei)E,) = do' A 37 p(E;)Eq + 0o’ A dB p(E;) E, so
p(da)AB + fp(a)Adp

ii) horaAB = horaAhor3

If « is of type Ad and £ is of type p then aAS is of type p.

Ry (plah8)) = p(Rya) AR; 5

(
(Adg—ra)Ap(g~")B
(
(

g tag) Aplg™h)B
9 Hlpla) A ]
Let 7 : P — M be a principal G-bundle , w = w'E; a connection form,

a = a®E, a horizontal p-form of type p, ® = ®*FE, a function of type p and
denote wj = pf,w* then

P
P
P
p

Da = da + p(w)Aa (23)
DO = dd + p(w)® (24)

Why? Decompose the vector fields into horizontal parts U" and vertical parts
U'U

If all the vector fields in (6.23) are horizontal then the identity trivially holds.
If all the vector fields are horizontal except for a few where ”a few” means more
than one, then one of the horizontal vector fields will be eaten by a which is
horizontal. If all the vector fields are vertical then we get 0=0 and identity
holds. The hard case is if we have one vertical field and the rest are horizontal.

horda(U, Uy, ... UY) = igva(UL, ... Uk_y) + p(X)a(UT, ..., UN_y)  (25)

Now note that ;t(R* M=o = Le a0 = ig dda + dig, a0 = i¢ da but also
Rioa = plg7 o = L(Ria)li—o = % (p(g~")a)|i=0 and therefore i¢, dov =
—p(X)a. Using this result in (6.25) the result the identity follows. For (6.24) if
we simple have a horizontal field the result follows trivially. If the vector field
is vertical UV then d®(horU") = U"(®) + p(X)®. Now, is U"(®) = —p(X)P?.
The answer is yes since @ is of p type.
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4.4 Integrability of horizontal distributions and path in-
dependence of parallel transport

Earlier we saw that if a region is small enough so that it entirely lies within
a specific integrable distribution then parallel transport was path independent.
Now suppose the region is big. Consider 2 paths ¢y and ¢; such that both begin
in  and terminate in y. Do their lifts lie in the same integrable manifold? If
co and ¢ are homotopic then this is true.If the paths fail to be homotopic the
parallel transport may(does not need to) depend on path.

Complete parallelism: a linear connection for which there exists a con-
variantly constant frame field e, such that Vye, = 0. We have complete par-
allelism <= Q = 0. In terms of a connection form it gives wp = 0. So
Q = dwf + w? ANw§ = 0. Noe suppose 2 = 0 does that mean there exists
eq in which wj = 0?7 IT turns out 2 = 0 = Jo : 0w = 0 where o is a
section. ©Q = 0 says that the horizontal distribution is integrable. Now let S
be an integral sub-manifold which is the image of section o from some domain
on M. This is a horizontal section i.e a section such that all vectors tangent
to it are horizontal. Now pull back w to the base manifold like & = o*w now
< 0*w,v >=< w,0,v >= 0 since o,v is horizontal.
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